Introduction
Throughout the note, we only consider finite groups. For a finite group G, write cρ(G) to denote the prime divisor set of the various conjugacy class lengths of G and cσ(G) the maximum number of different prime divisors of a single conjugacy class length of G. And π(n) stands for prime divisors set of the positive integer n and write π(G) for π(|G|), here |G| denotes the order of G. Considering some similarities between the influence of character degrees and conjugacy class lengths on groups, in 1989, Huppert once asked [1] whether the inequality |cρ(G)| ≤ 2cσ(G) holds for every solvable group. It was shown in [4, 5, 2] that this is true when cσ(G) is at most 3. Specifically, the case cσ(G) = 1 is proven in [4] , the case cσ(G) = 2 for the solvable G is in [5] , and the cases cσ(G) = 2 for the nonsolvable G and cσ(G) = 3 are finished in [2] , respectively. For solvable group G, it is proved |cρ(G)| ≤ 4cσ(G) + 6 in [6] , and an improved version |cρ(G)| ≤ 4cσ(G) in [11] . Generally, Casolo proved ([1, Corollary 2] or [7, Theorem 33.10] ) that the inequality is true except possibly when G is p-nilpotent with abelian Sylow p-subgroups for at least two prime divisors of |G|. And yet Casolo and Dolfi ([3, Example 2] or [7, Example 33 .12]) show the inequality is invalid by constructing a family of group examples {G n , n = 1, 2, · · · }. Specifically, the quotient
(from below) as n approaches infinity. The prime number p divides each |G n |. When take p = 2, we may obtain a family of counterexamples such that each G n is metabelian and supersolvable and the constant is 3 in that inequality. Note that the subscripts n in these counterexamples are sufficient large. By observations of these counterexamples, in 1998, Zhang further conjectured [11] the weak version of that inequality should hold by saying that "Now, it seems true that |cρ(G)| ≤ 3cσ(G) for any finite solvable group and probably also for any finite group." In this note, we prove the following result.
Theorem. Assume that G is a finite group with disconnected Γ(G). Then the inequality |cρ(G)| ≤ 2cσ(G) is true.
In the proof, we apply Gruenberg-Kegel classification (Theorem 2.2) to verify the assertion in a case-by-case manner, and Casolo's result (Theorem 2.5) play a crucial role in the process.
Unless otherwise specified, we adopt the standard notation and terminology as presented in [7, 8] .
Preliminaries
The following fact is useful and basic on conjugacy class lengths, which will be frequently applied without reference. 2. |ȳḠ| divides |y G | for any y ∈ G, and thus cσ(Ḡ) ≤ cσ(G).
We attach a prime graph Γ(G) to a finite group G: its vertices are π(G), and any two vertices are adjacent by an edge just when G has an element of order pq. We use π i , i = 1, 2, · · · to denote the connected components of the graph Γ(G), in particular, 2 ∈ π 1 if G is of even order. The following result is the first classification which can be found as Theorem A in [10] , due to Gruenberg and Kegel. Theorem 2.2. Let G be a finite group such that Γ(G) is disconnected. Then G has structure as one of the following: (1) Proof. It is Problem 7.1 (a) and (c) of [8] . Lemma 2.6. Let the graph Γ(G) of group G be disconnected and N G be non-nilpotent. Then Γ(N ) is also disconnected.
Proof. See Remark 1 in [9] . Lemma 2.7. Suppose that the graph Γ(G) is disconnected for the finite group G. Then the center Z(G) of G is trivial, i.e., Z(G) = 1.
Proof. Assume this is false and G is a counterexample. Then Z(G) contains a nonidentity element g. Let the order of g have prime divisor p. For any prime divisor r of |G|, there is an element x of order r-power in G. Then pr divides the order of element gx and so G has an element of order pr. Thus p and r are adjacent, and so Γ(G) is connected. The contradiction completes the proof.
Main results
Theorem 3.1. Assume that G is a finite group with disconnected Γ(G). Then the inequality |cρ(G)| ≤ 2cσ(G) is true.
Proof. Assume that G is a counterexample with minimal order, and we work towards a contradiction by using the above Gruenberg-Kegel classification theorem.
If G is a Frobenius group, then G = F (G) H for the kernel F (G) and the complement H. By Lemma 2.3, we have C G (x) ≤ F (G) for 1 = x ∈ F (G) and C G (y) ≤ H for 1 = y ∈ H, which means |H|, |F (G)| divide |x G |, |y G |, respectively, and then |π(G)| ≤ 2cσ(G). Also |cρ(G)| ≤ |π(G)|, yielding the inequality |cρ(G)| ≤ 2cσ(G), this is a contradiction since G is a counterexample.
Suppose that G is a 2-Frobenius group. By Proposition 2.4, G/F (G) = F 2 (G)/F (G) H 2 /F (G) and F 2 (G) = F (G) H 1 ; and Lemma 2.3 yields that there existx ∈ F 2 (G)/F (G) with x ∈ H 1 andȳ ∈ H 2 /F (G) such that π(G/F (G)) = π(|xḠ|) ∪ π(|ȳḠ|), and π(F (G)) ⊆ π(|x F 2 (G) |); while we see |xḠ| and |x
. As Z(G) = 1 (by Lemma 2.7), we know cρ(G) = π(G), and so |cρ(G)| ≤ 2cσ(G), a contradiction.
When G is a simple group, that inequality is immediate from the above Theorem 2.5, also a contradiction.
Suppose now that G is an extension of a π 1 -group N by a simple group S. Lemma 2.7 shows cρ(G) = π(G). Using Lemma 2.6, we may assume that N is nilpotent. Since G/N is simple, Theorem 2.5 shows that |π(G/N )| = |cρ(G/N )| ≤ 2cσ(G/N ) ≤ 2cσ(G). When no Syolw subgroup of N is a Sylow subgroup of G, we see π(G) = π(G/N ), and then |cρ(G)| ≤ 2cσ(G), a contradiction. When some Syolw subgroups of N are Sylow subgroups of G, we let K ≤ N be the maximum normal Hall subgroup of G, and write G in the form G = K H such that (|K|, |H|) = 1 and K is nilpotent. Since G/N is simple, we derive H has no normal Hall-subgroup, and thus G is not p-nilpotent unless the trivial case G = N × H. Hence we may apply Theorem 2.5 to see |cρ(G)| ≤ 2cσ(G), a contradiction. Suppose next that G is an extension of a simple group by a π 1 -solvable group. As G is a minimal counterexample, Lemma 2.6 yields that this case does not occur.
Suppose finally that G is an extension of a π 1 -group by a simple group by a π 1 -group. Then G has a nonsolvable normal subgroup, which is an extension of a π 1 -group by a simple group, Lemma 2.6 implies this case also does not occur as G is a minimal counterexample. The whole proof is complete.
